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Solutions of large-scale nonlinear systems VIA using
quasi-Newton methods of order 1 and 2
Abstract:

This thesis studies numerical solutions of large-scale
nonlinear systems using unconstrained optimization techniques.
We focus on Quasi-Newton methods of order 1 and 2. We
describe the methods, the corresponding algorithms, and their
costs and convergence rates in order to allow a motivated
methods choice. We limit ourselves to nonlinear linear systems
resulting from finite elements discretization of boundary value
problems.
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Chapter 1 Introduction

Nonlinear equations arise in essentially every branch of
modern science, engineering, and math- ematics. However, in
only a very few special cases it is possible to obtain useful

A
ISSN: 2537-0367 -_— elSSN : 2537-0375



SOLUTIONS OF LARGE-SCALE NONLINEAR ..., Nouf Alshehri

solutionsto nonlinear equations via analytical calculations [7].
As a result, many scientists resort to computational methods
[3, 7,17, 19, 22, 24].

Partial Differential Equations (PDES) constitute by far
the biggest source of large nonlinear systems (Example.3.2
and Example.3.3 in 8§ 3). The typical way to solve such
equations is to discretize them, i.e., to approximate them by
equations that involve a finite number of unknowns. The
nonlinear systems that arise from these discretizations are
generally large and sparse, i.e., they have very few nonzero
entries. Once the numerical approximation is made, the
problem come to either find X such that f(x) = 0, where f is

a mapping from RN to RM, or to minimize an energy

functional J , from RN to R.

Unconstrained optimization problems, § 2, consider the problem
of minimizing an objective smooth function that depends on real
variables with no restrictions on their values [7, 17].

min f(x).

XeRN

Unconstrained optimization problems arise directly in some
applications, but they also arise indirectly from reformulations of
constrained optimization problems. Often, it is practical toreplace
the constraints of an optimization problem with penalized
terms (Lagrange multipliers) in the objective function and to
solve the problem as an unconstrained problem.

An important aspect of continuous optimization
(constrained and unconstrained) is whether the functions are
smooth, by which we mean that the second derivatives exist
and are contin- uous. There has been extensive study and
development of algorithms for the unconstrained optimization
of smooth functions [3, 7, 17, 19, 22, 24]. At a high level,

)
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algorithms for uncon- strained minimization follow the
following general structure:

1.  Choose a starting point Xo.

2. Beginning from Xo, generate a sequence of iterates
(Xk)k=0 With non-increasing function f value until a solution

point with sufficient accuracy is found or until no further
progress can be made.

To generate the next iterate X1, the algorithm uses
information about the function at x, and possibly earlier
iterates (i.e., X;, i < k). One of the most known method is the
Newton method (8§ 3.1).

Newton’s method gives rise to a wide and important class of
algorithms that require com- putation of the gradient vector

T
h

of(xX) ... o,f(X) ! _
and the Hessian matrix Vi) =
VvV f(xX) = [aiajf(x)]i’j ) 2

Although the computation or approximation of the Hessian
can be a time-consuming operation, this computation is justified
for many problems [3, 7, 17, 19, 22, 24].

There are two fundamental strategies for moving from X,
to X+1: line search and trust region. Most algorithms follow
one of these two strategies. The line-search method modifies
the search direction to obtain another downhill, or descent,
direction for f . It then tries different step lengths along this
direction until it finds a step that not only decreases f but also
achieves at least a small fraction of this direction’s potential.
The trust-region methods use the original quadratic model
function, but they constrain the new iterate to stay in a local
neighbourhood of the current iterate. To find the step, it is
necessary to minimize the quadratic function subject to
staying in this neighbourhood, which is generally ellipsoidal
in shape. Line-search and trust-region techniques are suitable

A
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if the number of variables n is not too large, because the cost
per iteration is of order n°. Codes for problems with a large
number of variables tend to use truncated Newton methods,
which usually settle for an approximate minimizer of the
quadratic model.

If computing the exact Hessian matrix is not practical,
the same algorithms can be used with a reasonable
approximation of the Hessian matrix [6, 10]. Two types of
methods use approximations to the Hessian in place of the
exact Hessian. One approach is to use difference
approximations to the exact Hessian. Difference
approximations exploit the fact that each column of the
Hessian can be approximated by taking the difference between
two instances of the gradient vector evaluated at two nearby
points. For sparse Hessians, it is often possible to approximate
many columns of the Hessian with a single gradient evaluation
by choosing the evaluation points judiciously. Quasi-Newton
Methods (8 4 and § 5) build up an approximation to the Hessian
by keeping track of the gradient differences along each step
taken by the algorithm. Various conditions are imposed on the
approximate Hessian. For example, its behaviour along the
step just taken is forced to mimic the behaviour of the exact
Hessian, and it is usually keptpositive definite.

The first chapter is dedicated to a general introduction
and preliminaries on the subject. The second chapter
introduces finite element systems and benchmark model.
Sparse systems and Gauss method are the subjects of the third
chapter. We study conjugate gradient method in the fourth
chapter, then preconditioned conjugate gradient methods in
the fifth chapter. We compare numerically all presented
methods in the sixth chapter. Then, we summarize and present
some conclusions and future work in the last chapter. All
MATLAB codes are presentedin the last pages of the thesis.

e o e
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Chapter 2

Optimization problem review

We refer to [3, 4, 5, 7, 9, 17, 18] for the relevant background
on optimization.

2.1 Unconstrained optimization - link with solutions
ofequations

LetJ : R" — R. We consider

J(u) =inf{J (V)| v e R"},

without constraint conditions on v. A necessary condition is
given by

Theorem 2.1 If J is differentiable at the point u (its
minimum), then VJ (u) =0

Proof. Let v € R" and # = 0. We have J (u+ &) > J
(u), 50 J U+ 6v)=J () =0

Then taking the limit at § — 07, we have (VJ (u),v) > 0. If
we take instead of v, —v then

(VI (u),v)y<0soVJ(u)=0.

Sometimes, it is better to replace VJ (u) = 0 by (VJ (u), v)
=0, vveRN

In general, VJ (u) = 0 is not sufficient to decide if u is an
optimum. Take as an example:

2 2

J (uy, up) = ug —up,at (0,0).

For a necessary and sufficient condition we have the following
theorem.

Definition 2.2 A function f : U —-c R" — R is called
convex if:

VX, X € U, VE € [0,1]: f(txy + (1 — X)) < tf(xy) + (1 —
Df (x0).

Theorem 2.3 Let J : R —— R be differentiable. We have
the equivalence:

I
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Jd isconvex & J (V) =>J (u) +(VJ(u),v—u), vu,
v € R".
O

Proof. (==) If J is convex, then for 9 € (0, 1), we have
JU+ov-u)<@A-6H)3I ) +63 V),
JUu+ov=-u)=-J(u) _, v) — J ().

Take 8 — 07, we get 0
SO
(==)
(VI (u),v—-u) <J(v)-J(u),
J(v)=J () +(VI(u),v—u).
IfJ(v)=J(u) +(VJI(u),v—u), takevandu=v+ 6(u-—
V) = 6u + (1 — 6)v. We have
JWV)=J(v+Ou-—-vVv)—6VI(v+6l-vV)),u-—Vv),
JW=J(V+OUu—-Vv)+@A-6)VI(v+E6u-V)),u-—v).
Multiply (2.1) by (1 — ) and (2.2) by 6, then taking the sum
we get that
W)+ 1-H)I V) =IJ OBu+(1-0)v) =3 (Vv +0(u-
V)).
Chapter 3
Problems and basic methodspresentation

Partial Differential Equations (PDESs) constitute by far
the biggest source of large nonlinear systems [3, 25]. The
typical way to solve such equations is to discretize them, i.e., to
approximate them by equations that involve a finite number of
unknowns. The nonlinear systems that arise from these
discretizations are generally large and sparse, i.e., they have very
few nonzero entries. Once the numerical approximation is made,
the problem come to either find X such that f (X)) = 0 where f is

a mapping from R" to RN, or to minimize an energy
functional J, from R" to R.

EEsss—————————— ) eess————
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We have the following theorem that link solving PDEs to
optimization [1, 2].

Theorem 3.1 [1, 2] Let a be a bilinear symmetric and positive
form and L a linear form on a vectorial space V.. Then the
following statements are equivalent:

- a(uv)=L(), VvEeEV,.

« JW<=JIV), WeV, where I (U) = T a(u, u) -
L(u).

0 >

O

Proof. Let 1 € Rand v € V,. We have

a(u + Av, u + Av) = a(u, u) + 24a(u, v) + A%a(v, v),

22

Ju+Av) =3 (u)+ila(u,v) —L(V)] +

If a(u, v) = L(v), Vv € V,, then a(v, v). _
2 (u+Av) =3 (u) +,2

5 a(v,v) >J (u) —

as a is a positive form.
For the reciprocal, we have

0<@Uu+)-JW)A " =Ta(u,v)-LNV]+ 'ia(v, V),

then changing v to —v we have /
0<(IU-AV)-J WA =Ta(u,-v)- L(-V)]+ /la(v, V).
Taking the limit in both formulas for 2 — 0" we have /

a(u,v) —L(v) >0 and a(u,v) —L(v) <0,
which gives us the result.
We show two nonlinear examples.
Chapter 4
Broyden methods and rank-1 updating
It is known that the classical Newton method needs (n? +
n) scalar functions evaluations and solving a linear system of

Essssssssss——sssssss—s /\  ssssssssssse——
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O(n® elementary operations per iteration [3]. We will show
that Broyden methods will diminish the convergence order
from quadratic to superlinear. The idea of Broyden is to
approximate the Jacobian matrices Vf (x,) by operators B,
such that there

is no need to compute explicitly B™' (we compute B~
from B™'), and such that B™' isk k k—1

k+1

computed from B™' using O(n?) elementary operations per
iteration with 'evaluation of f at Xk

and X1 only.

Precisely, let f : R" — R be differentiable (of class C1) on
an open convex D. Let x € D and s /= 0 such that X" = x + s
€ D. We will associate x to x, and X" to X.; to obtain a
good approximation of Vf(x).

As Vf is continues at x*, for all ¢ > 0, there exists 6 > 0
such that

IfF(x) —f(x)—VF(X )X—x )I <elx—x ||

which means * *
f(x) ' f(x") + Vi(x)(x—-x),

so, if B is an approximation of VT (x), it is logic to ask that
B satisfies

fx)=f(x)+B(Xx-x").

As a result:
Bs=y=f(xX")-f(x) where s = X1 - Xx = X' - X.
(4.1)

If n = 1, the equation (4.1) completely determines B and the
method will be:

X =X

— B 'f(x) = x

Xk = Xk—1 f(x ),

e 9 e
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k
k

k+1 k k k

KOf(x

) —f(x k—1)

then,  _ Xia T (i) = Xif (Xi-1)

which is the Secant method.

k+1

f(x) — ()

(k—1)

If n > 1, we can still say that the only new information on f is
given by s. Broyden supposedthat B will not differ of B by
much on the orthogonal complement of s. This is equivalent
to say that

Bz=Bz if (z,s)y=z's=s'z=0,
B =B+

—  (y—Bs)s'z

_ (y-Bs)s'

(s,s). (4.3)

Effectively, we have Bz = Bz +(s, s)= Bz, because s'z =
0 which is (4.2). Then,

we have Bs = Bs + uniqueness.(y Bs)s' s
s s): Bs + (y —Bs)=—y,—which is (4.1). And consequently

the
Moreover, we would like that from all matrices satisfying

(4.2), B will be the closest to B.

We have:Theorem 4.1 Let B € L(R"), y e R" and s €
RN, s/=0. The Bsolution of given by (4.3) is the unique
min{IB - Bl :Bs = y}.

Essssssssssssssssssssns ) ¢ SSssssssss————
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O
Proof. First, we will show that B is a solution of the
problem. Let y = Bs, we have

— (B-B)ss' 1 ~ T ~
IB-Blr =1 o le= ¢ (IB-Blelss Iz =B -
Blg,

because of the exclusive property of the Frobenius norm

>
12 =

Iss" I = |si|¢ =s's = (s, s).

i
So B is the best matrix solution of
min{IB - Bl : Bs = y}.

We need to show that B is unique. The mapping f : L(R™M)
—> R defined by f(A) = IB -Alg

is strictly convex on L(R™). Indeed, if & € (0, 1) and the
matrices A;, A, are not proportional

one another, we have

f(GAl + (1 - H)Az) =1IB — (6’A1 + (l - 9)A2)"|:

=10(B—-A) +(1-0)(B— Ayl

<0IB - Ailg + (1 —-60)IB — Asle

(we will have equality only if A; = aA;). So the set {B €

L(R™ : Bs =y} is strictly convex.

If B, and B, are such that B;s =y, B,s =y for all 8 € (0,
1), we have

(931 + (1 - Q)Bz)S =6 Bls +(1 - 9) BzS = Qy + (1 - Q)y =
S

XX

y Y
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From the theory of functions, any function that is strictly
convex defined on a convex set hasat most one minimum [4],
then we have the uniqueness.

The equation (4.1) is the key relation in developing Quasi-
Newton methods (also called method with variable metric)
(these are all methods proposing Gradient approximation
for zeros looking or Hessien approximation for optimum
looking), which is why it is called Quasi-Newton equation
[6, 10]. Moreover, it is used to develop a second class
Broyden

methods called rank-2 methods (8 5), where we impose to

all matrices, to be used for B, to

satisfy (4.1).

We define rank-1 updating method called Broyden method

by

Xee1 = X — BT (X)), . k=0,1,2,.
(4.4)

where we recall that B, € L(R") are generated via (4.3) like
formula

(Vk — Bisi)s'

Br+1 = Bk +K

(Sk» Sk)

with y, = f(X1) — f(X) and sy = Xk+1 — X¢. Naturally, we
suppose that s,0 at each

iteration. Notice that x, and By been given, Broyden method
needs only n evaluations of scalar functions, f(xy), instead of
n? for the classical Newton method.

From (4.4), a priori, we will need to compute the solution of
Bisk = - (xw),

for a cost of O(n®). But we can use the following result of
Shermnan and Morrisson [26] (Lemma. 4.3). But, we need the
following lemma.

Essssssssssssssssssses )Y SS————ese—
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Chapter 5

Construction of Quasi-Newton methods of
rank-2 for unconstrainedoptimization problem
We mean by updating formula, all formulas approximating
the Jacobian (for zero finding) or the Hessian (for
minimization problem) at iteration k, to another approximation
at iteration
(k + 1), without explicitly computing the inverses (we
compute B from B™).

In the following, we will suppose f : R" — R is twice
differentiable on a convex D, and we have an approximation B

of the Hessian V2f (x) for x in D and a direction s such thaix +
s is still in D. The goal is to obtain an approximation B of

V2F(x*) at x* = x +s.

5.1 Symmetry and Quasi-Newton equation

From all what we did see, as the Hessian is symmetric, we
desire that the updating formula preserve the symmetry. We
would like:

We should have: B symmetric ==

B symmetric. (5.1) Bs =y = Vf(x") - Vf(x) where s
=x" -X, (5.2)

is the Quasi-Newton equation associated to F = Vf. It is
natural to ask if we can satisfy (5.1)and (5.2) by an updating
formula of rank 1. To check that, we reconsider the
formula:

B =B+
(y — Bs)c'
(c,s), (5.3)

with ¢ € R" such that (c, s) =
0. If B satisfies (5.1) thenB =B +
(y — Bs)(y — Bs)'

ISSN: 2537-0367 — elSSN : 2537-0375
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(y —Bs,s)

: (5.4) is the unique possible solution provided that (y —
Bs,s) = 0.

Indeed, if we would like B = (B)", B being symmetric, it
Is necessary and sufficient that:

(y —Bs)c' =c(y - Bs)',

which implies ¢ = y — Bs provided that (y — Bs, s) = 0, which
gives (5.4). Moreover, ify = Bs

then B = B is the solution from (5.3) (it is natural to not
change B if it is convenient). While

y  Bs, but (y - Bs, s) = 0 then there is no solution (because

B is necessary of the form (5.4)

which has no sense).

The updating formula (5.3) is of the type

B =B+a'vc'with v=y-Bs and « = (c,s) =0.

We say that this is a rank-1 updating formula because B
is different from B by the matrix

o 'vc' that is rank 1 (we remark that vc'u = 0 for all vectors
u orthogonal to c).

The updating formula (5.4) is known as the rank-1
symmetric updating formula. If

B is symmetric and nonsingular, let H = B™, then B is

nonsingular and its inverse H by isgivenH =H +

(s = Hy)(s — Hy)'

(s — Hy,y)

(5.5)

provided that (s — Hy,y) =

0. This is a simple consequence of Lemma. 4.3. Indeed,
let

. — Bs
u =
(y — Bs, s)

EEEsSSsSSSSSS—— S
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and v =y —Bs. (5.4) becomes, using the lemma,

H=H-1Hw'H, if ¢ = 1+ (v,
Hu) = o
0. (5.6)

Let us come back to the definition of u and v, by definition of
H, we have:

o= {y=Bs,H(y=Bs)) _ (y=Bs.Hy)

(y — Bs, s)
B being symmetric, its inverse is also, and
o= (Hy —s,vy)

(y — Bs,s){y — Bs, s)

Thenceforth, o /= 0 if and only if (Hy —s,y) =
0, then from (5.6)
H=pn_Y=Bss),, (y=-Bs)
(Hy —s,y) (y — Bs,s)that is
which shows (5.5).

(y-Bs)" H,

H=H-
(Hy = s)(Hy —s)"
(Hy —s,y) ’

The following theorem, due to Fiacco and McCormick [8], shows
that the above updating formula has an interesting feature when
applied to a quadratic case (which justifies the method).

Theorem 5.1 Let A € L(R™) be a symmetric nonsingular
matrix and yx = Asy, 0 < k < m where {sp, S1, . . ., Sm} IS

spanning R". Let Hy, be a symmetric matrix, and for k =0, 1, .
.., m the sequence

in which we suppose that

Hyg+1 = He +

(s« = Hy (s — Hiyd'

. ) O
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(Sx — HiYks Yi) (5.7)

(sk = HeYi Y} =

0. (5.8

Then Hpey = AL

Proof. The technique of the proof is purely algebraic. First,
we will prove by induction that

Hyj=sj forO<j<kandk=1,2,...,m+1.

. For k = 1, we have Hyyg = sg, since s =X -xand y =
Vf()?) - Vf(X) This HlyO =Sy

is the secant condition of the update.

. Suppose that the statement is true for k, this means
that Hyy; =sj, for0<j <k.

. Now, we will prove that it is true for k + 1. From the
updating formula we have

(sk — Hyi) (s — Hyi)Tyj
Hk+1yj = Hkyj +

(Sk — Hiyi Yk

We have

= Hkyj +

(sk =~ Hiyi)[(sk ~ Hiyi) Yil

(Sk — Hiyi Yi)

(sk —Hwy)y; =s"y; —y'H' Yiy,

=s'y; —y" Hyj (because

H, is symetric), “ “

=s'y;—y's; ) ) (because
Hk)_p' = Sj), .

=s Asj —s As;j (because
yj = ASj),

k Kk

=0.

EEEsSSsSSSSSS—— S
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Thus Hyyj =sj, whereO<j <k for k=1,2,...,m
+ 1.
Now, as AHp.1y; = Asj =y for0O<j<kandk=1,2,..

., m+ 1, and {s;}M spans R", wehave Hy,.1A = 1. So
Hon = A

The interest in the previous theorem is that we have an
iterative scheme of the form x,,; =

Xk + S such that (5.8) is true, then

Xirr = Xk — H VT (X)),

where the matrix Hy is updated by (5.7), gives us a tool to
find the minimum of a quadratic form in a finite number of
steps. We have, indeed:

X1 = Xk — H VT (Xk), with s, = -H, VT (Xk), and Yk —
ASy.

From the theorem above we have in (m + 1) steps

Xm+2 = Xm+1 — AﬂVf (Xm+1)-

If we have

f(x):l(Ax,x)+bTx+c, /

where A € L(R"™) is supposed to be nonsingular symmetric,
the minimum x* of f is characterizedby Vf (x*) = Ax*+b =10
that is x* = —A'b. Relation. (5.9), by definition of the
gradient, implies that
Xms2 = Xm+1 — A ' (AXme1 + b) = A7'b,
which gives that X., is the minimum x* and the algorithm
converges in (m + 2) steps. unfor-
tunately, there is no guarantee that (sx — HyYx, Yk) =
0 even if Goldfarb [11] has shown that if (A" — H,) is
symmetric semi-definite (positive or negative) and if Hy are
generated via (5.7) when (5.8) is true, with Hy.; = Hy when
(5.8) is not true then Hp.q = A!is still true. And we can
show the following lemma.

ISSN: 2537-0367 — elSSN : 2537-0375
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Lemma 5.2 Let f(x) =a+b' x + l(Ax, X) where A is
symmetric nonsingular matrix and

Vi = As,, 0<k<m, where R" = span{sg, S1, .. ., Sm}-
Let Hy be a symmetric matrix such that Hy— A~ >0 (resp <
0), if Hy is constructed such that

Hy1 = Hg +

(sk — Hiyd(sc — Hiy)'

(sk — HiYi Yi)

in which we suppose that (Sx — HyYk, Yk) =

0, if not we take H,,; = Hy. We have

1. H¢— A" is positive semidefinite.

2. Hp = AL

O

Proof.

1. By induction, we have

e for k =1, we have from assumptions H, — A™" is positive
semidefinite,

. assume that H, — A" is positive semidefinite for k,

. we need to show that Hy., — A is also positive
semidefinite.

We have for all j

sT(He— Ay’ (Ho—A )T

-1

s (H

k+1

— A_l)Sj

= ST (H = ST

A Ds + ]
X
=D

EEEsSSsSSSSSS—— S
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((Hk
k _ _
i i
_A_l)yk —_
» Vi)
T Ay 2
s(H-A)y ‘ j—A‘l)Sk,k SN
S k

J
> 0.

X
=D

y' (He — ALy,
The second term is positive as the denominator is positive
and the numerator is eitherpositive or equal 0.
2. Hpme = A" Similarly as the proof in the previous
theorem.
Conclusions

Quasi-Newton methods are useful tools in solving
unconstrained large-scale nonlinear optimiza- tion problems.
They are proposing very nice formulas to update the Hessian
approximations to be used in recursive formulas to converge
toward solutions quickly. The BFGS method is very useful
strategy for this task. A good method requires fast
convergence, simplicity of the algorithm, stability, little
storage memory, and lastly, a good estimate of the solution.
The BFGS method satisfies all these requirements and it is
therefore an effective iterative method. But, we have to choose
the starting points X, and Hy reasonably good and use a
convenient A.
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